Students studying elementary structural analysis usually experience some confusion in understanding the concept of virtual work. Most of them think that the work is virtual because it results from a virtual force system, even though the adjective virtual in the term "virtual work" describes the work and not the forces. In this paper several comments are given on the concept of virtuality in the virtual work method. The discussion emphasize that the work is virtual rather than the applied unit load or displacement. Excerpts from various text books related to the virtual work method for the calculation of deflections using the unit load method, the derivation of Maxwell's Law of Reciprocal Deflections, and Betti's Law are all discussed. Derivations of these methods are carried out using two different approaches in which no virtual forces are introduced and emphasis is made on the fact that the work is virtual. The term "assumed loading case" is proposed to replace "virtual force system". This paper aims to clarify the concept of virtuality to students learning the method, mainly to prevent the confusion which most students have.
Introduction
The concept of virtuality in the well known Virtual Work Method, Betti's Theorem, and Maxwell's Law of Reciprocal Deflections is discussed in this paper. Different definitions of the word "virtual" are gathered from several dictionaries and listed in the following paragraph.
According to (the Oxford Dictionary of English 2003), the adjective "virtual" has the following definitions: "almost or nearly as described, but not completely or according to strict definition, computing not physically existing as such but made by software to appear to do so". In mechanics the meaning is given as follows: "relating to or denoting infinitesimal displacements of a point in a system". In Physics it is given the following meaning: "denoting particles or interactions with extremely short lifetimes and (owing to the uncertainty principle) indefinitely great energies, postulated as intermediates in some processes". It also has the following meanings in (the Merriam-Webster's collegiate Dictionary of the English language 1994) , respectively: "very close to being something without actually being it" and "being such in essence or effect though not formerly recognized or admitted". (The American Heritage Dictionary of the English Language 2011) provides the following meanings: "existing or resulting in essence of effect though not in actual fact" and "existing in the mind, especially as a product of the imagination".
Literature Review
In the Structural Analysis text book by (Hibbeler, 1997) , it is mentioned in Section 8.8 that; "the term virtual is used to describe the load, since it is imaginary and does not actually exist as part of the real loading." It presents the unit load formula as a result of equating the external virtual work to the internal virtual work as follows:
where, the digit (1) is the external virtual unit load acting in the direction of  , u is the internal virtual load acting on the element in the direction of dL,  is the external displacement caused by the real loads and dL is the internal deformation of the element caused by the real loads. In the derivation and discussion of Maxwell's Theorem of Reciprocal Displacements and Betti's Law, Section 9.3, it is assumed that a unit real load is applied at A as shown in Figure (1a) and a unit virtual load is applied at B as shown in Figure  (1b) . it is then assumed that the virtual unit load at B is a real unit load and the real unit load at A is a virtual unit load in order to use the virtual work method and to obtain the formula:
where BA f and AB f are flexibility coefficients at B and A, respectively. In the above reference, the unit load is considered to be a virtual unit load. However, the authors of this paper believe that the unit load is more like an assumed unit load case acting on the structure in an independent manner and the work is, therefore, virtual. In the discussion of Maxwell's Theorem of Reciprocal Deflections, it was assumed that, for the first loading system, the unit load at A is real while the second unit load at B is virtual. Then, for the second loading system, it is assumed that the first unit load at A is virtual while the second unit load at B is real. In the authors" opinion, the two loading cases can be considered to be two distinct and independent real loading cases, focusing on the fact that the external work done by these loads is virtual in both cases. The same argument can be used for the general form of Betti's Law.
In Section 8.3 of Elementary Structural Analysis by (Norris et al, 1977) , it is mentioned that "the term virtual has been used to describe the Q-force system to emphasize that this system is separate and independent of the action producing the displacement. The work done by the virtual Q-force system as it rides along during an imposed displacement is called virtual work in order to distinguish that effort from the real work done by the forces and other actions producing the displacement. Note that the real work is of no consequence when applied to Bernoulli's principle since this principle deals with a relationship involving only the virtual work done by the virtual-force system. " It uses the method of virtual work in Section 8.6 to derive the following formula for the determination of deflections in trusses:
where Q and Q F comprise the virtual force system and L  ,  are the deformations caused by an actual force system. A similar formula is derived for beams and frames. In Section 8.21, it is also mentioned that "the m P force system is in the role of the virtual Q forces and will be given a ride as a result of the deformation caused by the n P system." It continues in the next paragraph "in the second situation, however, the n P force system will now be in the role of the virtual Q forces and will be given a ride as a result of the deformation caused by the m P system." It uses both situations of loading sequences to arrive at Betti's Law formula:
where, mn  is the deflection at the point of application of the force m P (in direction and sense of this force) caused by application of the n P force system, and nm  is the deflection at the point of application of the force n P caused by application of the m P force system. It can be seen that both sides of Eq. (4) contain external virtual work. Maxwell's Law of Reciprocal Deflections is also derived as a special case of Betti's Law, i.e. where, 12  is the deflection at point (1) due to a unit load acting at point (2) , and 21  is the deflection at point (2) due to a unit load acting at point (1) . A virtual Q-force system and an imposed displacement are defined in (Norris et al 1977) to obtain virtual work. The authors believe that the definitions of the different parameters here can be misleading to students for two reasons. First, the virtual Q-force system can be a distinct real load system, and, second, the imposed displacement is truly the actual displacement. For the derivation of Maxwell's Numayr S. K, Al Rjoub S. Y
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766 Theorem of Reciprocal Deflections and Betti's Law, (Norris et al, 1977) specifies different roles for the n P and m P force systems. In one instance, the n P force system is given the role of the virtual Q-force system and then the m P system is given the role of the virtual Q-force system. The authors of this paper believe that the n P and m P systems of forces are in fact two distinct real systems of forces acting independently on the same structure, and that the work done by these systems of forces on both sides of Eq. (4) is, in fact, virtual.
In the Analysis and Behavior of Structures by (Rossow 1996) , it is mentioned in Section 7.4, "the second part of the principle is used in deflection analysis. For this part an imagined or (virtual) force system in equilibrium is acting on the structure when the structure is subjected to a set of actual or (real) deformations. In this part the virtual force system and corresponding virtual stresses in equilibrium are identified by a,  , in front. This gives the mathematical statement
The right-hand side of the equation represents the internal virtual work of deformation, and the left-hand side represents the external work of the virtual force system. The summation of the concentrated virtual forces, Q  , and virtual moments, (6) can also be obtained from mathematical treatments of total complementary energy and is referred to as complementary virtual work. This form of the virtual work principle is used in deflection calculations and is referred to in that application by some authors simply as virtual work rather than its more mathematically accurate term, complementary virtual work. Because of the extensive use of Eq. (6) and forms that are derived from it and the fact that it is one of the two parts of the virtual work principle, the term complementary virtual work will be used for all deflection computations in this book. This eliminates any potential for confusion over which part of the virtual work principle is to be used in a particular situation. Conceptually, Eq. (6) simply says that the external work of the forces and moments in the virtual force system equals the internal work of deformation done by the virtual stresses. " It can be seen from above discussion that the author (Rossow 1996) emphasizes the difference between virtual work resulting from real loads undergoing virtual displacement and complementary virtual work resulting from virtual loads undergoing deformations that are caused by real loads. However, the authors still believe that it is not necessary to define a virtual load system in order to arrive at the definition of virtual work. They insist on using the term "assumed load case" rather than using the term "virtual load system" since in this context the word "virtual" does not convey the true meaning. Consequently, the work done by these assumed loads is still virtual work and not real work. In Section 13.2 of (Rossow, 1996) it states, "the same principle of conservation of work and energy used to obtain the virtual work principle is used to obtain Betti's Law." However, it does not define the external work as an external virtual work, as it should in the Betti's Law statement: "in a structure with unyielding supports, constant temperature, and linear elastic material, in which no significant geometry changes occur due to deformations, the external work done by a system of forces, Q, in equilibrium during the application of a force system, P, in equilibrium is equal to the external work done by the P system during the application of the Q system."
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It is stated in Section 2.10.1 in Analysis of Structures (West, 1980) that, "the method of virtual work results from the principle of virtual displacement, which is credited to John Bernoulli in 1717." It also states that, " this imagined translation is called a virtual displacement, and this is a fitting term since the word virtual means "being in essence or effect, but not in fact"." It is also mentioned in Section 2.10.4 that "when displacement quantities are desired, the virtual work method can still be used; however, a slight modification is required. Here, a fictitious loading system is introduced and the displacements of the actual system are used as virtual displacements for the fictitious loadings. The fictitious loading system can be thought of as a set of virtual loads, P  , that are used to determine the actual displacements D. This procedure thus requires the following system: P system which is the Virtual force system in equilibrium, and D system which is the Actual deformation pattern that is geometrically compatible. For this form, the following equation can be introduced as:
By selecting a proper set of P  forces, the desired D displacements can be isolated on the leftside of the equation and thus determined. Generally, the virtual force system involves a unit load at the point and in the direction of the desired displacement. For this reason, the virtual force approach is sometimes referred to as the dummy unit load method." In the derivation of Maxwell's Theorem of Reciprocal Deflections, two sequences of loadings are used and the following formula is specified.
where, 1 P , 2 P are the forces, and 12  is the displacement at point 1 due to the force at point 2 and 21  is the is the displacement at point 2 due to the force at point 1. According to Eq. (8) provided by (West, 1980) , the work done by the force 1 P as it experiences the displacement caused by the force 2 P is equal to the work done by the force 2 P as it experiences the displacement caused by the force 1 P . It also states Betti's Law, the more general form, that is,
where, s P i ' are the loads and s i '  are the displacements. In Eq. (8) and Eq. (9), the term virtual displacement fits the meaning of the word "virtual" while the term virtual force system does not fit the meaning of the word "virtual". In Maxwell's Theorem of Reciprocal Deflections and Betti's Law it is "virtual work" rather than stating it as "work".
Many researchers used the principle of virtual work to derive new higher order theories in structural mechanics such as (Ferreira et 768 virtual work statement fulfills the meaning of the word "virtual" since the external loads don't ride through the external deformations in the case of external virtual work and the internal forces don't ride through the internal deformations in the internal virtual work case, while the use of the word virtual in the virtual displacement statement is more like a hypothetical or assumed displacement rather than a virtual displacement. Therefore, the virtual strain energy and the virtual work done by applied forces follow the terminology of virtual displacement (Ferreira et 
Definitions, Derivations and Discussion
Derivations for the Unit Load Method, Betti's Law, and Maxwell's Law of Reciprocal Deflections are carried out using two different approaches and a subsequent discussion of the virtuality concept is presented.
The Unit Load Method
The Unit Load Method, which is also called the virtual work method, is used to determine the deflection or rotation at a point. The deflection formula, ds EI mM    , for beams or frames, where  is the deflection at a point in consideration, and m and M are the respective moments at different sections due to the actual load case and the assumed unit load case. The variables E and I are the modulus of elasticity and moment of inertia, respectively, and the integration is over the length of the member. The derivation is carried out using two approaches of analysis. In the first approach, two distinct cases of loading are applied on the structure. The first loading case is the actual load system i P , as shown in Figure (2a) , and the second loading case, Figure (2b) , is an assumed unit load acting in the vertical direction at point C where the deflection is to be determined, e.g., .
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The statement of the virtual work method is now considered. The external virtual work done by the unit load undergoing deformation caused by the actual loads is equal to the internal virtual work done by the internal moment of the assumed unit load case undergoing internal rotations of the actual load case, neglecting axial and shear deformations. In equation form,
where,  is the internal rotation of the actual load case. In this analysis, it is obvious that the external and internal work are virtual and not real, since the loads and deformations are from two distinct loading cases. This follows the definition of the adjective "virtual" which has the meaning, "almost or nearly as described, but not completely or according to strict definition". The authors believe that the unit load case is more like an assumed unit load case acting on the same structure in a separate, distinct, and independent manner rather than a virtual load. In this context the authors would not classify the unit load as "virtual" because it does not fit the meaning of the word. In the second approach for deriving the same formula, two situations are considered. In the first situation, the actual load case i P is applied on the structure, then, an assumed unit load is applied on the same structure after deformation ) ( i  to cause additional deformation,  at C, that is the dashed curve shown in Figure (3a) . In the second situation, the assumed unit load is applied on the structure causing a deformation, , at C. Then the actual load i P is applied on the deformed structure to cause additional deformation, i  , beneath the loads i P causing  at C, as shown in Figure (3b ). Since both situations are physically the same, the external and internal work are the same. Therefore, the external work of the first situation is equal to the external work of the second situation, that is:
It should be noted here that the external loads are not applied gradually.
Consequently, the internal work of the first situation is equal the internal work of the second situation, that is: Which again states that the external virtual work done by the assumed load undergoing deformation caused by the actual loads is equal to the internal virtual work done by the internal moment of the assumed unit load case undergoing internal rotation caused by the actual load case. Again, it can be seen that the work is truly virtual and the unit load case is just an assumed load case rather than a virtual load case.
Betti's Law
Two approaches are adopted to derive Betti's formula. In the first approach, two loading cases are considered to be acting on the same structure in a separate, distinct and independent manner, namely i P , j Q load cases as shown in Figures (4a, b) . The external virtual work done by the system of loads i P undergoing deformation caused by the other system of loads, j Q , is equal to the external virtual work done by the j Q system of loads undergoing external deformation caused by the i P system of loads, that is: 
It is clear that the work is virtual but neither the i P system of loads nor the j Q system of loads can be considered to be virtual. In the second approach, two situations are considered. In the first situation, a i P system of loads is applied and causes deformations ii  at the 
It is obvious that the work on both sides of Eq. (19) is virtual, however, neither the i P nor j Q system of loads can be considered virtual.
Maxwell's Law of Reciprocal Deflections
As a special case of Betti's Law, when the i P system is one load, 1 1  P , and the j Q system is also one load, which is Maxwell's Law of Reciprocal Deflections. A small letter  is used since a unit load is used in both cases. Again, the same conclusion can be drawn, which the authors emphasize, the work is virtual, not either of the unit loads.
Conclusion
From a teaching point of view, most of the students studying the Virtual Work Method think that the work is virtual as a result of virtual loads. However, the work is in fact virtual because the loads and the displacements defining the work are from two distinct physical situations. That is, the loads do not move or ride through those actual displacements. Based on the above analysis, discussion, and comments, the authors strongly believe that the word virtual should be associated with the work only, and by no means should be associated with the loads. It is not easy for students to accept the logic of defining loads as "virtual" at one instant and the same loads as "real" the next minute when deriving Maxwell's Law of Reciprocal Deflections and Betti's Law.
